
Fourier Analysis 03-09 .

Review
• Construction a Cts function on the circle with
diverging Fourier series

• A proof of the isoperimetric inequality using
Fourier series .

§ 4,3 Weyl 's equidistribution theorem

Def. A sequence of numbers (xn) n? ,
in Eo, l) is

said to be eguidistibuted in [o, i) if the following
holds : tf la , b) e [o, l ) ,

① tying IT # { Isn' N : xn Efa , b )} = b - a.

A

Example : Consider (xn )n=, given by

O , I , O , I , O , I ,
c - '

The proportion of (xn) in (o , I ) is o

t 's



Thm 't ( Weyl ) Let 8 be an irrational number
.

Then the sequence ({ n8})n7 ,

is equi distributed
in $0,11 . Here { x } denotes the fractional
part of X .

Remark : Byathm of Kronecker , ({me} ) I, is dense in [o , l)
.

For (a , b) E [ 0 . It
,
let Xy , b ) : [ o, 1) → II be defined as

Xgqb, 4)
= { I if XE la , b)

o if X E [o , 1)Ya , b ) .

It is called the characteristic function of fa , b ) .
We extend Xia

, b,
to be I- periodic function on IB .

apyplynjtof.nl
Now ① is equivalent to

③ flings tu II Xia , b , Cnn
- Sitka,, dx



In order to prove ③ , we first prove

Lemmas . Let f be a I - period Cts function
on H2

.

Then

③ things at EI
'

fun = fitfcxsdx .

Pf . Step 't : We prove ③ holds if f- is of the form

fuk e
2Tiki

, he Z .

When fro
, f- = I

,
③ holds in this case

for Rt og

f, EI, e'
" " kn! ¥ NI

, fezeiikr)
"

= eh ik
r

Ty
.

Np

1 - eh ik2-

so I # zit
,
e'" '

'

km/s IT . Texting
→ o as N→ to .



Steps : Notice that if f , g satisfy 30,
then so is 2ft Pg with 2

, Pe Cl .

Hence ③ holds when f is a trigonometric
polynomial ,I⇐µCn E

" " " "

on [o , l)
( N

E-periodic

step 3 . Let f be an arbitrary function

Then by Weierstrass Approximation -1hm,
7- a trigonometric polynomial g set

( fan - Gan l E E t x e IR .

Then

⇐ Eif Cnn - fjtfcxidx I
E * II f fun -gars It fo

't

ffcxs - gcxsldx

+ It, II gain - fo't gcxidxl



s ze t / HT It
,
8481 - fjgcxsdx /

E 32 when N is large enough ( by step)
Hea

Pf of Weyl 's Thin
#,

fix Ca , b ) e [0,1 ) .

÷÷¥÷÷i¥÷÷÷i÷ .
We construct two Cts functions ,

say fat , fi as above such that

fi ⇐ Years , a fit



and fo't fet - Ya
,
b,
dx sze

fo't Kgb , - f- I dx are

Now

a-
N

f'ffj÷ ¥ X.ca, b) 481
-

E km * IT fi' Cnr)
Nt is

= fo't fit dx e fo
't

ya
,
bgcxidxtze

Similarly
N

III. Tikka.is , Cnr )
N

> III. TIE Cnn
= fo

't

fidx s fo
't

ka, ,dx -2E



Since E is arbitrarily taken , we see that

this. IT IT Xca
,
b ,
uh - fo't X@ b,

dx

the
.


